EE/CpE 345
Modeling and Simulation
Fall 2003

Class 8



Topics

« Finish Chapter 7 material on testing runs, c?test
» Chapter 8 — generating random variables with a desired distribution
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Example 7.7

* Chi-square test

— O, is the observed number in the i" class

— E, is the expected number in the i class

— n is number of classes

— pick the classes so each has at least 5 in class

— Use 10 uniform width classes [0,.1), [.1,.2),..[.9,1.0), so E; = 10

— From data in example,
O,=(8, 8, 10, 9, 12, 8, 10, 14, 10, 11)
— ¢?=3.4, which is less than critical value c% 459 = 16.9

EE/CpE345: Modeling and Simulation Copyright ©2003
Fall 2003 Stevens Institute of Technology
All rights reserved

185



Why use Frequency Tests?

» Consider the sequence of random numbers:

.03, .01,
15, .19,
25, .24,
.34, .31,
42, .46,

.93, .91,

* They would pass the K-S and chi-square test, but are not suitable as random

numbers

.04,
12,
23,
.39,
45,

94,

.01,
.16,
21,
.39,
44,

91

» Frequency tests will find their deficiencies
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Run Tests

* A run is a succession of similar events

* Coin flipping example:
HTTHHTTTHT

— Six runs are marked

* For sequences of random numbers, define up runs and down runs, depending on whether
successive numbers are increasing or decreasing. E.qg.:

.87 .15 .23 .45 .69 .32 .30 .19 .24 .18 .65 .82 .93 .22 .81

A I

.08 .18 .23 .36 .42 .55 .63 .72 .89 91

RN

These don’t look like

08 93 ¢_15 T_96 ¢.26 T_84 ¢.28 ?79 ¢'36 57 any realistic random sequence
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Testing Runs

* For a truly random sequence with N samples, mean and variance of number of
runs, a, are:

_2N-1

3
, _16N- 29
] 90

« For N>20, this can be approximated by a normal distribution, N(m, s2,)

* Observe the number of runs in the data, a
» Calculate test statistic:

7 = a-m _a- [(2N - 1)/3]
S. /(16N - 29)/90

» Compare to a normal distribution
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Testing Runs

al2

A
A 4

Cannot reject
independence hypothesie

* Find z,,, for significance a/2 from Normal distribution tables
» Check to see if statistic exceeds z,,,
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Random-Variate Generation

Random Numbers
»  with Specified
Distribution

» Given a process to generate uniformly distributed random numbers, how to
generate any arbitrary distribution

— continuous and discrete valued R.V.s

» Techniques:
— Inverse Transform
— Convolution Method
— Acceptance-Rejection

* Doesn’t the simulation environment have the distributions needed?
— Not always, especially for special distributions
— It's useful to know how they work to understand constraints
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Inverse Transform Technique

» Use exponential distribution to illustrate technique
* Given R, drawn from U(0,1), generate X; drawn from exponential distribution

» Most useful when the c.d.f., F(x) can be readily inverted

1-e'* = R
. ] e'* = 1- R
ile' x30 X i1-e'* x30
f(xX)=1 ’ F(X)= Aft)dt = ’ ) — .
(X) }o, <0 (X) _9() }o, << | X |1n(1 R)
X = -l—In(l- R)

* Distribution of R and 1-R are identical, allowing simplification

X == In(R)
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Inverse Transform Technique
Exponential Distribution

N :=200
i=0.N-1 I =1
« Example 8.1: Generate 200 exponentially

R:=runif(N,0,1) distributed random numbers, plot histogram

x = -8 0yn(R)
el g i .
» Generating c.d.f. from histogram:
M =10

1 1
ki=0.M-1
"1 Hi,1 051 .
h =— N
k,1 N
0 o l l
2 4 6
04 ] hy.o 4.75
hi,1
— 02 I
0 l
0 5
hy,0
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Verifying that Inverse Transform Technique
Generates R.V.s with Correct Distribution

P(X,£%) = P(REF(X) = F(x)

* X; is generated from R;, transformed by F()

* R, is uniformly distributed on (0,1)

EE/CpE345: Modeling and Simulation Copyright ©2003
Fall 2003 Stevens Institute of Technology
: 193
All rights reserved



Applying Inverse Transform Technique to

» Weibull

Ilixb'le'(X/a) X3 O
f(x)=1a

fo x<0
 Triangular

|x OEX£1
f(x)—|2 X, 1<x £ 2

Lo, otherwise
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Other Distributions

1- ¢ x3 0

.‘I.
FO)=1i
T x<0
0, XEOQ
i 2
| ?, O<x£1
F(X)=| .
% (2- %" 1cxg2
1 X>2
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X =a[- In(R)]""

o J2R 0£RES
= I
4pa R, i<REl
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Examples of Inverse Transform Technique

Weibull Distribution Triangular Distribution

N :=2000 N := 20000
i=0.N-1 a=1 i=0.N-1
) R :=runif(N,0,1)
R :=runif(N,0,1) b:=15
1 X, = |ngi £.5,\/2>Ri,2- \/2{1- Ri)-E
b
X:=aX-In(R
A- In(R)) M 250
h := histogram(M , X
M = 20 gram(M , X)
ki=0.M-1
h := histogram (M, X) M
h x—
k,1 o
h ,i=———
k=0.M- 1 k,1 N
h _ hk,1
k, 1 N 1
T
0.4 — hg,1 05 =
g 1
— 0.2[ m
0 |
r\\ 0 ; 2
0 hk,0
0 2 4
hk.0
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Empirical Continuous Distributions

* If observed distribution is believed to be discrete, we can use lookup table method
previously discussed. What if the distribution is known to be continuous?

— Interpolate intermediate values: Example 8.2: 5 samples of data are available

[ Interval Probability Cumulative Slope,
Xy < X <= X 1/n Probability, i/n !

1 0.0 <x<=0.80 0.2 0.2 4.00

2 0.80<x<=1.24 0.2 0.4 2.20

3 1.24<x<=1.45 0.2 0.6 1.05

4 1.45<x<=1.83 0.2 0.8 1.90

5 1.83<x<=2.76 0.2 1.0 4.65

— Line segment slopes:
3 = A O TRRA G R O R Y
i/n-(i-1)/n 1/n

— Inverse c.d.f.
i-1)6 : :
X =X;. +a,.a??-( )+ when (i- )/n<REi/n
i-1) 8
n g
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Empirical Continuous Distributions

» Sometimes a large number of data samples are available to generate empirical
distribution

— not efficient, or always necessary to generate large number of interpolation
segments

— summarize available data into frequency distribution with smaller number of
bins

— fit continuous empirical c.d.f. to frequency distribution
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Direct Transform for Normal Distributions

* Normal c.d.f.:

L1
F(X)= 0——=—=¢ 7dt
¥N2p

— Inverse transform technique cannot be applied - inverse c.d.f. cannot be
expressed in closed form.
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Direct Transform for Normal Distributions

A Z,-axis
(Z1:2Z,) o777 _-\\\
/ Z, R
/ \
/ \
/ \
/ \\
,' B \S\ \
! p
'. i
Vo4 / Z,-axis
\\\ /

«Z, and Z, are normal R.V.s. In polar coordinates:
Z, = Bcosq
2 2 2
: =7+
Z, =Bsing B =4 +4
« B2 has a chi-square distribution with 2 degrees of freedom - equivalent to an
exponential distribution with mean 2. Using Inverse Transform technique:

B=+-2InR

g is uniformly distributed on (0,2p) and is independent of B.
* Given independent, uniformly distributed R, and R,, generate normal Z,, Z,:

Z,=J-2InR cos(?p R,)
Z,=\-2INR sin(2pR,)
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Direct Transform for Normal Distributions

» Computation of sgrt(In(R)) is CPU
intensive, but is reused for Z, and Z,

 To obtain normal variates X; with mean m
and variance s?:

X.=m+s Z
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Normal Distribution using Direct Transform
N := 1000

i:=0.N-1

Ry :=runif(N, 0, 1)

Ro :=runif(N, 0, 1)

Z1 = ,-Zﬂnl Rl_j>cos(2>p>R2_) m:=2
| [ I

2= [ Zﬂn(Rl_jxsin(prﬂz_) s:=25
I I I

X1:=m+ s¥q

52 =6.25

Xoi=m+s*y
M =50

hy = histogran(M , Xl)

hy = histograrr(M , X2)

k=0.M- 1

h
h — 1k,l hzk 1:=i
1k,1' N ) N

mear{X1) = 2.092

0.1 | |
mear{X2) = 2.015

var(Xy) =6.584

var(Xp) = 6.491
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Convolution Method

* Probability distribution of sum of independent R.V.’s is convolution of distributions
of variables

* Erlang R.V. X with parameters (K,q) is sum of K independent exponential R.V.s X;
each with mean 1/Kq
X :g X
i=1
« From Inverse Transform Technique, each X; is generated with 1/l =1/Kq
K
1
X = §-—InR
A kg "

g
1 0
= -—In -

Kqg &le;a
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Acceptance-Rejection Technigue

» Use the Acceptance-Rejection Technique when other methods have no
straightforward solution (e.g., no closed form solution)

» Efficiency depends on fraction of generated random numbers that are rejected
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Using Acceptance-Rejection Technique for
Poisson Distribution

* Poisson R.V., N, with mean a has a probability mass function

p(n)=P(N=n) = € n? : n=0,1,2...

* N is the number of arrivals from Poisson arrival process in one unit of time
* Interarrival times A4, A,, ... of successive customers are exponentially distributed
with rate a
* We know how to generate an exponential distribution from Inverse Transform
Technique
 Relationship between the discrete Poisson process and continuous exponential
distribution:
N =n
if and only if
A+A+ A ELSA+ +A+A,

* Generate n+1 exponential interarrival times until some arrival occurs after t=1,
then set N=n
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Using Acceptance-Rejection Technique for
Poisson Distribution

e Generate arrival times

AtAT A LISA+.FA+A,

o 1 vho1
or -—InR £1<gq - —InR
iz a iz a
Q 'S
or alnR3-a>gInR
i=1 i=1

g 0l
or INOR3*-a>InQOR
i=1 i=1

nl

or 6R3e'a>OR
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Using Acceptance-Rejection Technique for
Poisson Distribution

* Given a:
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Using Acceptance-Rejection Technique for
Poisson Distribution

* Example 8.11: Bus with Poisson
arrival process, arrival rate a=4 per
hour. Generate number of buses
arriving during a 1 hour period

» With high acceptance rate, this
technigue works well. As acceptance
rate drops (e.g., for larger a), this
technigue becomes inefficient.

» An approximation for the Poisson
process for a>15 is:

Z=.,/-2InR cos(2pR,)

i 0 ifa+yaz-.5<0
N =i
Tcell(a +yaz- .5) otherwise
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apys =4
e “PS- 0018
N(a) =1[n-0
P- 1
m- e &
while P3 m
P- Pnd(1)
n- n+1
return n

How many arrivals per hour during a given 8 hour period?

i=0.7

Arrivalsi = N(abus)

Arrivals:g +
4 .
g -
g2+
Gy~
C =
e3¢

mean(Arrivals) = 3.75
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Homework

» Generate 1000 random numbers between 0 and 1, based on the linear
congruential techniques covered last week. Use a modulus size of at least 1000.
Find the number of up-runs and down-runs in the sequence. Using the run-test
method discussed, see if the sequence generated appears independent with a
5% level of significance.

*Ch. 8 exercises 3, 17
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